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Abstract
We construct dual supergravity descriptions of D3-branes wrapping associative
3-cycles L. We analyse the conditions for having five-dimensional background solu-
tions of the form AdS2×L and show that they require L to be of constant negative
curvature type. This provides AdS2 background solutions when L is the hyperbolic
spaceH3 or its quotients by subgroups of its isometry group. We construct a regular
numerical solution interpolating between AdS5 in the UV and AdS2×H3 in the IR.
The IR fixed point exists at the “intersection” of the Coulomb and Higgs branches.
We analyse the singular supergravity solutions which correspond to moving into the
Higgs and the Coulomb branches. For negative constant curvature spaces the sin-
gularity is of a “good” type in the Higgs branch and of a “bad” type in the Coulomb
branch. For positive constant curvature spaces such as S3 the singularity is of a
“bad” type in both the Higgs and the Coulomb branches. We discuss the meaning
of these results.
November 2000
1 Introduction
Supersymmetric 3-cycles are defined such that D-branes wrapping them are supersym-
metric configurations [1, 2, 3, 4]. We will discuss two types of supersymmetric 3-cycles:
associative 3-cycles in G2 holonomy seven-dimensional manifolds and special Lagrangian
3-cycles in Calabi-Yau 3-folds 1. The low-energy field theory on the worldvolume of Dp-
branes wrapping associative (special Lagrangian) 3-cycles is a (p− 2)-dimensional gauge
theory with two (four) supercharges. The Dp-brane worldvolume theory is a twisted field
theory [2]. The holonomy group of a 3-cycle L is ⊆ SO(3) and its normal bundle is
non-trivial. The scalars parametrizing the embedding of a Dp-brane wrapping L in a
the ambient space M are sections of the normal bundle of L in M and are not ordinary
scalars. The twisting means choosing the holonomy group of the tangent bundle to be
equal to the structure (sub)group of the normal bundle. This gives covariantly constant
supercharges which are “twisted” and become scalars rather than spinors.
We will consider Type IIB string theory compactified onM andN D3-branes wrapping
the 3-cycle L in the limit ls → 0 where we keep the volumes of the cycle L and the manifold
M fixed [6]. While at high energies the worldvolume theory is four-dimensional, at low
energies compared to the inverse size of L the theory is (0 + 1)-dimensional. We will be
interested in the infrared (large time) behaviour of the quantum mechanics.
Our aim is to construct dual supergravity descriptions of the worldvolume theories
of the D3-branes wrapped around supersymmetric 3-cycles. Supergravity descriptions of
branes wrapping supersymmetric cycles have been constructed in various cases such as
for Dp-branes and M5-branes wrapping Riemann surfaces in Calabi-Yau spaces [7, 8, 9, 6,
10, 11] and M5-branes wrapping associative cycles in G2-holonomy manifolds [12]. Here
the twist induces the boundary conditions on the gauge field coming from the metric
upon compactification [6]. We will use a five-dimensional truncation of the full type IIB
supergravity. Since to implement the twist we need an SO(3) gauge potential, one suitable
supergravity theory in five dimensions is the N = 4 SU(2) × U(1) gauged supergravity
described in [13] which was shown to be a consistent truncation of type IIB supergravity in
[14]. We will see that this gauged supergravity can realize the twist required for D3-branes
wrapping an associative 3-cycle.
To analyse what types of 3-cycles we should consider, we note the eight geometric types
in the classification of closed 3-manifolds introduced by Thurston [15]. The most relevant
for us are the first three types in the classification, based on the three constant curvature
spaces, the 3-sphere S3 which has a positive scalar curvature R > 0 and isometry group
G = SO(4), the Euclidean space E3 with R = 0 and isometry group G = R3 × SO(3)
and the hyperbolic space H3 with R < 0 and isometry group G = PSL(2, C). The
constant curvature spaces H3, S3 will be analysed in detail in the following sections. The
Euclidean space E3, being flat, does not lead to a new background, i.e. the topological
twist is trivial.
We will analyse the requirements that an associative 3-cycle L of SO(3) holonomy
1For a discussion and review of special Lagrangian 3-cycles and their role in “brane worlds” and curved
geometries see [5].
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has to meet in order to allow for a solution of the form AdS2 × L, which corresponds
to an IR fixed point. We will see that the cycle has to be of a constant negative scalar
curvature type. Thus, we will find an AdS2×ds2H3 solution, and its quotients by subgroups
of the isometry group PSL(2, C) to make the 3-cycle compact. Since the spinors are
independent of the coordinates on H3 these quotient solutions are also supersymmetric.
We will construct a regular numerical solution interpolating between AdS5 in the UV and
AdS2×H3 in the IR. The IR fixed point exists at the “intersection” of the Coulomb and
Higgs branches. We will analyse the singular supergravity solutions which correspond to
moving into the Higgs and the Coulomb branches. For negative constant curvature spaces
the singularity will be shown to be of a “good” type in the Higgs branch and of a “bad”
type in the Coulomb branch. This indicates a decoupling of the Higgs branch from the
Coulomb branch. For positive constant curvature spaces such as S3 the singularity is of
a “bad” type in both the Higgs and the Coulomb branches, which is consistent with the
absence of a Higgs branch on the field theory side in this case.
The paper is organized as follows. In section 2 we will discuss in some detail the twisted
theories on the worldvolume of D3-branes wrapping associative and special Lagrangian 3-
cycles. We will review the barely G2 manifolds and discuss their supersymmetric 3-cycles.
In section 3 we will discuss the supergravity equations which have to be solved in order
to provide supergravity dual descriptions of the twisted D3-branes theories. In section 4
we will begin by reviewing the possible types of 3-cycles that should be analysed. We will
then construct solutions to the supergravity equations. We will show that supersymmet-
ric AdS2 × L backgrounds are solutions provided the associative 3-cycle is of a constant
negative scalar curvature type. However, we will show that wrapping associative 3-cycles
of the type Σ×S1 is not realized by the N = 4 gauged supergravity. We will solve numer-
ically the supergravity equations and construct a regular solution interpolating between
AdS5 in the UV and AdS2×H3 in the IR. We will next analyse the singular supergravity
solutions which correspond to moving into the Higgs and the Coulomb branches and the
type of the singularities. In appendix A we will show how the case of D3-branes wrapping
a Riemann surface arises from our construction and discuss the nature of the singularities
along the Coulomb and Higgs branches. In appendix B we will provide some details of
the computations for H3 and S3 special associative 3-cycles.
2 D3-branes wrapping supersymmetric 3-cycles
In this section we will discuss two types of supersymmetric 3-cycles, the associative 3-
cycle in G2 holonomy seven-dimensional manifolds and the special Lagrangian 3-cycle in
Calabi-Yau 3-fold. We will review the example of barely G2 manifolds constructed as
the quotients (CY3×S1)/Z2, where one can see a relation between the supersymmetric 3-
cycles of the seven dimensional manifold and the supersymmetric cycles of the Calabi-Yau
3-fold. We will analyse the twists associated with D3-branes wrapping the 3-cycles and
discuss the corresponding twisted worldvolume theories. We note that in the following
we will freely use SU(2) ≃ SO(3).
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2.1 Associative 3-cycles
An associative 3-cycle L is a submanifold of a seven dimensional manifold with G2 holon-
omy. It is a calibrated submanifold with respect to the associative calibration 3-form Φ(3)
[16]. That means that the associative 3-cycles are volume minimizing in their homology
class such that
Φ(3)|L = V olL . (1)
They are supersymmetric cycles in the sense that D-branes wrapping them are super-
symmetric configurations [4]. Consider Type IIB string theory compactified on a seven
dimensional manifold with G2 holonomy M , and a D3-brane wrapping L. The brane con-
figuration is a BPS state of Type IIB string theory compactified on M . It is a particle in
the transverse R2,1 directions. The D3-brane worldvolume theory is a twisted field theory.
The holonomy group of the 3-cycle L is ⊆ SO(3) and its normal bundle N in M is S⊗V
[17], where S is a spin bundle and V a vector bundle. The four scalars parametrizing the
embedding of the D3-brane in M are sections of the normal bundle of L in M and are
therefore not ordinary scalars. Let us analyse this structure in more detail.
The symmetry group of a D3-brane in flat space is SO(3, 1)× SO(6), where SO(3, 1)
is the Lorentz symmetry and SO(6) is the R-symmetry group of the worldvolume theory.
Alternatively, they can be viewed as the symmetry groups of the tangent and normal
bundles respectively. The worldvolume of the brane is R×L and the worldvolume theory
is a twisted theory. Due to the wrapping the structure group of the normal bundle is
broken to U(1)× SU(2)1 × SU(2)2 and
SO(3, 1)× SO(6)→ SO(3)L × U(1)× SU(2)1 × SU(2)2 . (2)
Here SO(3)L is the structure group of the tangent bundle of L.
The six scalars parametrizing the embedding of the D3-brane in flat space transform
as (1, 6) under SO(3, 1)×SO(6). The 6 of the SO(6) transforms under U(1)×SU(2)1×
SU(2)2 as (1, 1)±2⊕ (2, 2)0, where the subscript indicates the U(1) charge. The twisting
means choosing the holonomy group of the tangent bundle SO(3)L to be equal to the
SU(2)1 part of the structure group of the normal bundle. After the twisting the six scalars
transform as (1, 1)±2 ⊕ (2, 2)0 under U(1)× SU(2)L × SU(2)2. The (2, 2)0 parametrize
the embedding of the D3-brane inside the G2 manifold, and are sections of the normal
bundle described above. The (1, 1)±2 are the two scalars that parametrize the embedding
of the D3-brane in the two non-compact flat directions normal to the brane.
The sixteen supercharges of the D3-brane in flat space transform as (2, 1, 4)⊕ (1, 2, 4¯)
under SO(3, 1) × SO(6). The 4 of SO(6) transforms under U(1) × SU(2)1 × SU(2)2
as (2, 1)1 ⊕ (1, 2)−1. After the twist we remain with two covariantly constant super-
charges which transform under U(1) × SU(2)L × SU(2)2 as (1, 1)±1. The supercharges
are “twisted” and become scalars rather than spinors.
We will consider N D3-branes wrapping the 3-cycle L in the limit ls → 0 where we
keep the volumes of the cycle L and the G2 manifoldM fixed [6]. This is the large volume
limit in string units. Due to the non-trivial embedding of the cycle inM the worldvolume
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theory in this limit is a twisted field theory, as described above. However, note that in
this limit the theory is not sensitive to the global structure of M .
While at high energies the worldvolume theory is four-dimensional, at low energies
compared to the inverse size of L the theory is (0 + 1)-dimensional U(N) gauge theory.
The (0+1)-dimensional gauge coupling g is given by g2 = gs
V ol(L)
. It has a mass dimension
3
2
. We will be interested in the infrared (large time) behaviour of the quantum mechanics.
At low-energies the theory is described by a supersymmetric σ-model quantum mechanics
with two supercharges. The target space has branches which we denote by Higgs and
Coulomb, and is not protected from quantum corrections.
The Higgs branch corresponds to the moduli of the associative 3-cycle embedded in
the G2 manifold. The Coulomb branch corresponds to the moduli of the D-branes in the
two transverse non-compact flat directions. At low energies we may expect a decoupling
of the Higgs and Coulomb branches, such that the IR physics is that of a supersymmetric
σ-model quantum mechanics on the Higgs branch. This is argued for theories with eight
supercharges in [18, 19] and for theories with four supercharges in [20]. We will see that the
dual supergravity description indicates a decoupling of the Higgs and Coulomb branches
in our case, which has only two supercharges.
2.2 Special Lagrangian 3-cycles
Here we consider Type IIB string theory compactified on a Calabi-Yau 3-fold M . Denote
by κ the Kaehler form of M and by Ω the holomorphic (3, 0) form. A 3-cycle L ∈ M is
called special Lagrangian when
(i) κ|L = 0
(ii) Im(Ω)|L = 0.
Consider a D3-brane wrapping L. Again, the D3-brane worldvolume theory is a twisted
field theory. The holonomy group of the 3-cycle L is ⊆ SO(3) and its normal bundle N
in M can be identified with the cotangent bundle T ∗L. The three scalars parametrizing
the embedding of the D3-brane in M are sections of the normal bundle of L in M and
are therefore 1-forms rather than ordinary scalars. Due to the wrapping the symmetry
group is broken as
SO(3, 1)× SO(6)→ SO(3)L × SO(3)N × SO(3)T . (3)
Here SO(3)L is the symmetry group of L, SO(3)N is the structure group of the normal
bundle of L inM , SO(3)T is the symmetry group of the three non-compact flat directions
transverse to the brane.
The sixteen supercharges of the D3-brane in flat space transform as (2, 1, 4)⊕ (1, 2, 4¯)
under SO(3, 1)× SO(6). Since the 4 of SO(6) transforms under a subgroup SO(3)N ×
SO(3)T as (2, 2), the supercharges transform under SO(3)L × SO(3)N × SO(3)T as
(2, 2, 2)⊕ (2, 2, 2). The twisting means choosing the holonomy group of the tangent bun-
dle SO(3)L to be equal to the structure group of the normal bundle SO(3)N . This gives
four covariantly constant supercharges which transform as 2(1, 2) under SO(3)L×SO(3)T .
The supercharges are “twisted” and become scalars rather than spinors.
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The six scalars parametrizing the embedding of the D3-brane in flat space transform
as (1, 6) under SO(3, 1) × SO(6). Since the 6 of SO(6) transforms under a subgroup
SO(3)N × SO(3)T as (1, 3)⊕ (3, 1), the six scalars transform under SO(3)L× SO(3)N ×
SO(3)T as (1, 1, 3) ⊕ (1, 3, 1). After the twist they transform as (1, 3) ⊕ (3, 1) under
SO(3)L×SO(3)T . The (1, 3) are the three scalars that parametrize the embedding of the
D3-brane in the three non-compact flat directions normal to the brane. The (3, 1) corre-
spond to the 1-form that parametrizes the embedding of the D3-brane in the directions
normal to the brane in M .
We would like to consider N D3-branes wrapping the 3-cycle L in the above limit. At
low-energies the theory is described by a supersymmetric σ-model quantum mechanics
with four supercharges. The Higgs branch corresponds to the moduli of the special La-
grangian cycle embedded in the Calabi-Yau 3-fold. The Coulomb branch corresponds to
the moduli of the D-branes in the three transverse non-compact flat directions. Again,
we may expect a decoupling of the Higgs and Coulomb branches in the IR.
2.3 Barely G2 manifolds
Let us illustrate the associative and special Lagrangian 3-cycles by discussing the barely
G2 manifolds [21]. These are constructed as
G =
(
CY3 × S1
)
/Z2, (4)
where CY3 is the Calabi-Yau 3-fold and Z2 acts as (σ,−1). σ is an anti-holomorphic
involution on the Calabi-Yau 3-fold. Its action on the Kaehler form κ of CY3, and on the
holomorphic (3, 0) form Ω is
σ∗(κ) = −κ, σ∗(Ω) = Ω¯ . (5)
There is only one covariantly constant spinor on G, which corresponds to the linear
combination of the two covariantly constant spinors with opposite chirality on CY3.
The associative calibration 3-form reads [21]
Φ(3) = J ∧ e1 +Re[Ω], (6)
where e1 is a one-form cotangent to the circle S1.
There are two types of supersymmetric associative 3-cycles C3. The first one is con-
structed as a product of C × S1 where C is a holomorphic cycle in CY3, modded by the
action of Z2
C3 =
(
C × S1
)
/Z2 . (7)
Note that σ maps C to −C.
The second type is constructed by the quotient of a special Lagrangian cycle L in CY3
C3 = L/Z2. (8)
For this type of associative 3-cycles the calibration form is just Re[Ω] as for a special La-
grangian 3-cycle. Note, however, that the ambient space in which the 3-cycle is embedded
is different, and the number of supersymmetries preserved by the associative 3-cycle is
half that of the special Lagrangian one.
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3 The supergravity equations
We aim at a dual supergravity description of the worldvolume theory of N D3-branes
wrapped around a supersymmetric 3-cycle L. As discussed above, the worldvolume theory
is twisted, and the twist induces the boundary conditions on the gauge field coming
from the metric upon compactification. It also implies that a scalar operator in the 20
representation of SO(6) is turned on, as in [6].
We will use a five-dimensional truncation of the full type IIB supergravity. To find a
suitable truncation we observe that the holonomy of the L is SO(3) so for the twist we
will need an SO(3) gauge potential. One suitable supergravity theory in five dimensions
is the N = 4 SU(2) × U(1) gauged supergravity described in [13] which was shown to
be a consistent truncation of type IIB supergravity in [14]. The embedding of this five-
dimensional supergravity in type IIB supergravity is done via the breaking SO(6) →
U(1)× SU(2)1 × SU(2)2, where SU(2)× U(1) of the N = 4 is the SU(2)1 × U(1). From
the discussion of the previous section we know that this can realize the twist required for
D3-branes wrapping an associative 3-cycle.
We are looking for a supersymmetric solution of the theory of [13]. To this end we
have to check the supersymmetric variations of the fermionic fields. These are given by
δψµa = Dµ εa + i γµ T (Γ45)ab ε
b + i
1
6
√
1
2
(
γ νρµ − 4 δνµ γρ
)H νρab +
√
1
2
h νρab

 εb,
(9)
for the four gravitini and
δχa = −i
√
1
2
γµ (∂µΦ) εa + A(Γ45)ab ε
b +
1
2
√
1
6
γ µν
(
Hµνab −
√
2hµνab
)
εb (10)
for the remaining four spin-1
2
fields. The notation agrees with [13] except that we use a
space-time metric with signature (−,+,+,+,+). The definitions are
A ≡ 1
2
√
1
6
g2 ξ
−1 − 1
2
√
1
3
g1 ξ
2, (11)
T ≡ 1
6
√
1
2
g2 ξ
−1 +
1
12
g1 ξ
2, (12)
hµνab ≡ −ξ−2Ωab fµν , (13)
Hµνab ≡ ξ (F Iµν (ΓI)ab + Bαµν (Γα)ab), (14)
ξ ≡ exp
√
2
3
Φ . (15)
The γν , ν = 0, ..., 4 are the five dimensional space-time gamma matrices, whereas the ΓI,α
are the Spin(5) gamma matrices with the index ranges I = 1, 2, 3 and α = 4, 5. The
a, b are Spin(5) spinor indices and Ωab is the antisymmetric matrix used to lower these
indices. F Iµν and fµν are the SU(2) and U(1) gauge fields respectively, g2 and g1 are the
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corresponding coupling constants, Φ is a scalar field and Bαµν are antisymmetric tensor
fields transforming as a U(1) doublet.
The SU(2) × U(1) is embedded in Spin(5) by taking ΓI45 and Γ45 as the respective
generators. We therefore have the covariant derivative on the spinors εa
Dµ εa = ∇µ εa + 1
2
g1 aµ(Γ45)
b
a εb +
1
2
g2A
I
µ(ΓI45)
b
a εb, (16)
with∇µ denoting the usual space-time covariant derivative and aµ, AIµ are the U(1), SU(2)
gauge potentials. Furthermore we will use the freedom to rescale the coupling constants
as in [13] and define g¯ ≡ √2g1, g2 ≡ g¯. Note that we cannot set the U(1) coupling g1
simply to zero since the kinetic term of the Bαµν field goes like
1
g1
[13] 2.
For later reference it is useful to recall the five-dimensional field equations for zero
fermionic fields which follow from the Lagrangian given in [13]. In terms of our conventions
and with aµ, B
α
µν set to zero we obtain for the metric
Rµν − 3∂µϕ∂νϕ− 2e2ϕF IµαF αν I +
1
3
e2ϕF 2gµν +
4
3
P (ϕ) gµν = 0, (17)
and for the scalar
∇2ϕ− 1
3
e2ϕF 2 +
2
3
∂P (ϕ)
∂ϕ
= 0 , (18)
where for notational simplicity we introduced ϕ ≡
√
2
3
Φ and used F 2 as short for F IµνF
µν
I .
The scalar potential P (ϕ) reads
P (ϕ) =
1
8
g¯2
(
e−2ϕ + 2eϕ
)
. (19)
For a supersymmetric solution the variations (9),(10) of the fermionic fields must be
zero. As the five dimensional metric we take the ansatz
ds2 = e2f (−dt2 + dr2) + e2gds2L , (20)
where by ds2L we denote the metric on the 3-cycle L
ds2L = gijdx
idxj . (21)
We assume the functions f, g to depend only on the radial coordinate r. We also take
the scalar field ϕ to depend only on r. ϕ is dual to the turned on scalar operator.
Thus, we have to solve the following equations
δψµa = ∂µ εa +
1
4
ωijµ γij εa +
1
2
g¯AIµ (ΓI45)
b
a εb − (22)
− i γµ T (Γ45) ba εb − i
1
6
√
1
2
(
γ νρµ − 4 δνµ γρ
)
eϕF Iνρ (ΓI)
b
a εb = 0,
2A supergravity action where the U(1) coupling can be taken to zero has been constructed in [22].
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δχa = −i
√
3
2
γr (∂r ϕ) εa − A(Γ45) ba εb −
1
2
√
1
6
γ µνeϕF Iµν (ΓI)
b
a εb = 0, (23)
with the definitions
A ≡ 1
2
√
1
6
g¯
(
e−ϕ − e2ϕ
)
, (24)
T ≡ 1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
.
We note that for a time independent spinor εa we can combine the t-component of
equations (22) and (23) to get the relation
f ′ − ϕ′ = ± g¯
2
√
2
efe2ϕ, (25)
for (Γ45)
b
a εb = ∓iεa. This relation is independent of the metric of L.
At the boundary of AdS5 (small r) we impose the metric
ds2 ∼ −dt
2 + dr2 + ds2L
r2
. (26)
This implies at small r the boundary conditions f(r), g(r) ∼ −Log(r). Note that we
work in the units where the AdS5 radius is one. In order to restore the units and the N
dependence we have to multiply the metric by R2AdS =
√
4πgsNα
′.
We impose the condition
γ1 εa = εa, (27)
where the subscripts are flat indices associated to the space-time indices according to (83).
This condition is met by (super)covariantly constant spinors on AdS which depend only
on r [23, 24].
To realize the twist we have to satisfy
1
4
ω iˆjˆµˆ γiˆjˆ εa = −
1
2
g¯AIµˆ (ΓI45)
b
a εb, (28)
where the hatted indices are (µˆ curved, iˆ flat) indices along L. We do this by appropriately
mapping the generators of the holonomy group to the generators of the SU(2) gauge group
and letting the U(1) generator Γ45 act on the spinors as (Γ45)
b
a εb = ±iεa. The boundary
conditions on the metric imply that the positive sign is the correct choice as can be seen
from the gravitino variation (9) in t direction. By equating the spin connection with the
gauge connection we thus get
γiˆjˆεa ∝ i
(
Γf (ˆi,jˆ)
) b
a
εb, (29)
where f establishes the map between the generators of the two groups (see below and
appendix).
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4 Supergravity backgrounds
In this section we will construct analytical and numerical solutions to the supergravity
equations.
4.1 Three manifolds
In the following we discuss what types of 3-cycles we should consider. Thurston intro-
duced eight geometric types in the classification of closed 3-manifolds [15], which we will
briefly review 3. The main points of the classification are that there are only eight ba-
sic homogeneous geometries, up to an equivalence relation, that can be supported by
closed 3-manifolds and that if a closed 3-manifold of a given topology admits one of these
geometric types then it is unique.
One considers an orientable, connected, complete and simply connected Riemannian
3-manifold X which is homogeneous with respect to an orientation preserving group
of isometries G. The eight geometric types classify (X,G). The equivalence relation
(X,G) ∼ (X ′, G′) holds when there is a diffeomorphism of X onto X ′ which takes the
action of G onto the action of G′. Out of these types one constructs spaces (geometric
structures) M ≃ X/Γ where Γ is a subgroup of G. Here the action of Γ is discontinuous,
discrete and free. M is locally homogeneous with respect to the metric on (X,G) 4, it is
isometric to the quotient of X by Γ.
The first three types in the classification are based on the three constant curvature
spaces, the 3-sphere S3 which has a positive scalar curvature R > 0 and isometry group
G = SO(4), the Euclidean space E3 with R = 0 and isometry group G = R3 × SO(3)
and the hyperbolic space H3 with R < 0 and isometry group G = PSL(2, C). The
constant curvature spaces S3, H3 will be analysed in detail in the following sections. The
Euclidean space E3, being flat, does not lead to a new background, i.e. the topological
twist is trivial. This class includes, for instance, the 3-torus T 3.
The next two types are based on S2 × E1 and H2 × E1. In this class we have, for
instance, Σg × S1 where Σg is a genus g Riemann surface.
Type six is the universal cover of the fiber bundle whose base is H2 and whose fiber is
spanned by tangent vectors of unit length. The last two types are the Heisenberg group
and the solvable Lie group. These types are anisotropic geometries and one can write
an explicit metric for them [25]. However, it is not clear whether any of these last three
types can be realized as a supersymmetric 3-cycle.
3For the relation between Thurston classification and the classification of spatially homogeneous met-
rics in relativistic cosmology see [25].
4
M is called locally homogeneous if for any two points in M there are neighborhoods of these two
points and an isometry that maps them to each other.
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4.2 AdS2 × L solutions
In this subsection we analyse the requirements an associative 3-cycle with SO(3) holonomy
has to meet in order to allow for a solution of the form AdS2×L, which corresponds to an
IR fixed point. We will see that for our ansatz L has to be of constant negative curvature
type. We consider the ansatz (20),(21). Due to the twist we can establish a relation
between the SU(2) gauge field strength and the curvature of L
F Iµν (ΓI)
b
a εb = i
1
2g¯
R ijµν γij εa, (30)
which follows from (28). We now take the variation of the gravitino (22) which is polarized
in the t direction. This may be written as
1
2
f ′ + ef
1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
+
1
6
√
1
2
efeϕ
1
2g¯
γνρRijνργij

 γ0 εa = 0, (31)
so that (
1
2
f ′ + ef
1
12
√
2
g¯
(
2e−ϕ + e2ϕ
))
γ0 εa = −1
6
√
1
2
efeϕ
1
2g¯
γνρR ijνρ γijγ0 εa. (32)
The lhs of (32) depends only on r so the rhs must be independent of the coordinates on
L. The rhs depends on the coordinates on L through the term γνρR ijνρ γij so that we have
the condition
γνρR ijνρ γij = const , (33)
up to an r dependent term coming from the vielbein needed to change the curved indices
in γνρ to flat ones. In three dimensions the Weyl tensor vanishes identically so that the
Riemann tensor can be expressed in terms of Ricci tensor and scalar curvature
Rκλµν = Rκµgλν − Rλµgκν +Rλνgκµ − Rκνgλµ − R
2
(gκµgλν − gκνgλµ) . (34)
Using this in (33) we see that the scalar curvature has to be constant. For cycles with
SO(3) holonomy this means that they are maximally symmetric cycles which satisfy
Rκλµν =
R
6
(gκµgλν − gκνgλµ) . (35)
We are now in the position to investigate (supersymmetric) solutions of the equations
(22) and (23) which are of the form AdS2 × L. We require
e2f =
A2
r2
, (36)
according to the ansatz (20). We rewrite (31) for the maximally symmetric cycle by using
(36). This leads to
1
6g¯
A
√
1
2
e−2gR = −1
2
e−ϕ + A
g¯
12
√
2
(
2e−2ϕ + eϕ
)
. (37)
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In order to satisfy equation (25) with the boundary condition (36) ϕ has to approach
a constant value in the far IR (r → ∞). Equation (37) then also requires e2g to be
asymptotically constant. So supersymmetric solutions in the IR with an AdS2 part are
indeed of the product form AdS2 × L where L has constant size.
We can plug this additional information into the remaining fermion variations of (22)
and (23). This results in
R = −1
2
e2gg¯2
(
2e−2ϕ + eϕ
)
, (38)
and
R = e2g g¯2
(
e−2ϕ − eϕ
)
. (39)
Combining these two equations and using (37) we find
e3ϕ = 4, e2g = − 1
3g¯2
4
2
3R, e2f =
4
2
3
2g¯2r2
, (40)
where R is the scalar curvature of L. From (38) and (40) we see that the the scalar
curvature of L has to be negative. We conclude that for a supersymmetric solution of the
type AdS2 ×L the 3-cycle L has to be of negative constant curvature type. The solution
preserves two supercharges.
Thus, there is an AdS2 × ds2H3 solution and we can take its quotients by the isometry
group PSL(2, C) to make the 3-cycle compact. Since the spinors are independent of the
coordinates on H3 these quotient solutions are supersymmetric too. If we take the ds2H3
line element
ds2H3 = dφ
2 + sinh2 φdθ2 + sinh2 φ sin2 θdν2 , (41)
we get
e3ϕ = 4, e2g = 4−
1
3 , e2f =
1
4
4
3 r2
, (42)
where we have set g¯ = 2
√
2.
Using [14] we can lift the five-dimensional background to ten dimensions. The ten-
dimensional metric reads
ds210 =
√
∆
(
1
4
4
3 r2
ds22 + 4
− 1
3ds2H3
)
+ (43)
+
1
8
2
1
3
√
∆dξ2 +
1
8
2−
1
3∆−
1
2 sin2 ξdτ 2 +
+
1
8
2−
1
3∆−
1
2 cos2 ξ
{
(σ1 − coshφdθ)2 + (σ2 − cos θdν)2 + (σ3 + sin θ coshφdν)2
}
,
where (ξ, τ, α, β, γ) parametrize the compactifying S5 and the 1-forms σi are related to
the angles (α, β, γ) by σ1+ iσ2 = e
−iγ(dα+ i sinαdβ) and σ3 = dγ+cosαdβ. Furthermore
∆ = 4
2
3 sin2 ξ + 4−
1
3 cos2 ξ, (44)
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where ds22 = −dt2 + dr2.
It is illuminating take a closer a look at the field equations (17) and (18). From (17)
we get for the Ricci Scalar R of the five-dimensional background
R = 3 (∂ϕ)2 + 1
3
e2ϕF 2 − 20
3
P (ϕ) . (45)
Consider solutions where ϕ is constant. Equation (18) reads now
e2ϕF 2 − 2∂P (ϕ)
∂ϕ
= 0 , (46)
and implies that F 2 is constant. Equation (45) and (19) imply then that the five-
dimensional scalar curvature R is constant and negative. Since F 2 can be written as
a product of e−4g times some function of the coordinates on L we deduce that both fac-
tors have to be constant. Consider AdS2 ×L solutions. Then the above implies that L is
a constant curvature 3-fold.
A solution of the form AdS2 × S3 is excluded at the level of the field equations (17)
and (18). Combining the two field equations and taking ϕ = const. we get for the five
dimensional Ricci tensor
Rµν = 4
g¯2
e2ϕRˆ−4gµν − 1
2
g¯2eϕgµν , (47)
where Rˆ = eg denotes the radius of the S3. Note that the term in (47) proportional to Rˆ−4
vanishes for the components of Rµν which are not along the sphere. The time component
of (47) fixes the radius of the AdS2-part in terms of ϕ for the ansatz (36) as
A2 =
2
g¯2
e−ϕ. (48)
On the other hand we can use (45) and (46) to express R in terms of ϕ
R = −3
2
g¯2eϕ − g¯2e−2ϕ. (49)
For an AdS2× S3 background we have R = − 2A2 + 6Rˆ2 , which upon using (48) leads to a
contradiction.
Consider now 3-cycles based on the types S2 × E1 and H2 × E1. They too have a
constant curvature and one may expect that they will give rise to AdS2 solutions of the
gauged supergravity. However, in this case the ansatz (20) does not allow for a super-
symmetric solution. The reason is that from the variation of the gravitino (22) polarized
along the direction of E1 we get for the ansatz (20) one more relation between g and f
in addition to equations (77). This prevents a solution. The nontrivial part of the spin
connection of these cycles comes from the two dimensional part, i.e. S2 or H2. Therefore
they have reduced holonomy. To implement the twist we need an abelian truncation of
the SU(2)×U(1) gauged supergravity. That means that for such configurations only the
12
U(1) ⊂ SU(2) is excited. This breaks less supersymmetry compared to the cycles with
SU(2) holonomy. For an appropriate ansatz there are solutions of this truncated gauged
supergravity which then do not correspond to D3-branes wrapped on associative 3-cycles
in G2 holonomy manifolds but rather to configurations of D3-branes wrapping around a
Riemann surface Σ in CY [6]. The details of this calculation are given in appendix A.
From [14] it is clear that from the ten-dimensional point of view the abelian truncation
used here coincides with the truncation used in [6] to study D3-branes wrapped around a
Riemann surface in a Calabi-Yau 3-fold.
We conclude that the N = 4 five-dimensional supergravity that we are using is not
capable of describing the wrapping of associative 3-cycle of the type Σ× S1. Consulting
section 2.3, we see that what is missing in that context is the implementation of the Z2
quotient which truncates the supersymmetry by a factor of two. A similar situation arises
in the analysis of [12] for M5-branes wrapped around associative 3-cycles.
In section 2, we described a case (4), where the associative 3-cycle corresponds to
a special Lagrangian 3-cycle. It is natural to ask whether we can argue based on the
AdS2×L solution for an associative 3-cycle L, that there should be an AdS2×L solution
for the corresponding special Lagrangian 3-cycle. Of course, the latter solution should
preserve twice as much supercharges. For comparison we can look at the example of
a Calabi-Yau 3-fold constructed as (K3 × T 2)/Θ [26], where the Θ is a freely acting
involution on K3 and an inversion on T 2. In this case we have supersymmetric 2-cycles
(Riemann surfaces) in the Calabi-Yau 3-fold that correspond to Riemann surfaces in K3.
D3-branes wrapped on a Riemann surface in the Calabi-Yau 3-fold have an AdS3 solution
that preserves four supercharges. However, there is no such AdS3 solutions that preserves
eight supercharges that corresponds to D3-branes wrapped on a Riemann surface in K3
[6]. Therefore it seems that we cannot draw a conclusion from the AdS2 solutions in the
associative 3-cycle case, as to the existence of AdS2 solutions in the special Lagrangian
case.
4.3 D3-brane wrapped on H3
Consider the N D3-branes wrapped on an associative 3-cycle H3. Recall that for the five
dimensional metric we take the ansatz
ds2 = e2f (−dt2 + dr2) + e2g(dφ2 + sinh2 φdθ2 + sinh2 φ sin2 θdν2), (50)
where f, g depend only on r. The second part of the above metric is the metric of the
H3. We have to solve (22) and (23) in this background.
The twist implies by (87) that the SU(2) gauge potentials are
A1θ = a coshφ, (51)
A2ν = b cos θ,
A3ν = c sin θ cosh φ.
In order to take advantage of the conditions (27) we write (22) more explicitly, as done
in appendix B in equations (91), (92), (93) and (94).
13
For the solution we impose on the field strengths (88)
F 2νθ ∝ sin θ sinh2 φ →
ac
b
= −1
g¯
(52)
and
F 3νθ = 0 → c = −abg¯. (53)
We solve these constraints by setting
a =
1
g¯
, b =
1
g¯
, c = −1
g¯
. (54)
From the twist we get the following constraints on the Killing spinors
γ23εa = ±i (Γ1) ba εb (55)
γ24εa = ∓i (Γ3) ba εb
γ34εa = ±i (Γ2) ba εb,
for (Γ45)
b
a εb = ±iεa and where we have used (54).
Given the above constraints the supersymmetric variations vanish for
g′ = −ef
{
−
√
2eϕe−2g
1
g¯
+
g¯
6
√
2
(
2e−ϕ + e2ϕ
)}
, (56)
f ′ = −ef
{√
2eϕe−2g
1
g¯
+
g¯
6
√
2
(
2e−ϕ + e2ϕ
)}
,
ϕ′ = −ef
{√
2eϕe−2g
1
g¯
+
g¯
3
√
2
(
e−ϕ − e2ϕ
)}
.
The boundary conditions as r → 0 are g(r), f(r)→ −Log(r) so that from (56) we get
ϕ(r)→ −1
2
r2Log(r) + Cϕr
2 . (57)
As in [6] there is a relation between g and ϕ which reads
e2g+ϕ = e2(g−ϕ) +
12
g¯2
(g + ϕ) + C. (58)
The integration constant C is related to the integration constant Cϕ (57) of the differential
equation for ϕ, i.e. to the expectation value in the UV of the operator dual to ϕ [6]. For
an asymptotic configuration (42) we find C = 1
4
(3− log 4).
We therefore expect to have for this value of C a solution interpolating between AdS5
in the UV with AdS2 × H3 in the IR. Indeed we can find such a solution numerically.
In figure (1) we plot e2f(r) as obtained from a numerical solution of equations (56) when
C = 1
4
(3− log 4) in comparison to the expected behaviour in the IR, e2f = 1
4
4
3 r2
(42). We
see that indeed they coincide in the IR.
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Figure 1: In this figure we plot e2f(r) as obtained from a numerical solution of equations
(56) when C = 1
4
(3− log 4) in comparison to the expected behaviour in the IR, e2f = 1
4
4
3 r2
in equation (42). We see that the two coincide in the IR.
In figure (2) we plot e2g(r) as obtained from a numerical solution in comparison to the
expected behaviour in the IR, e2g = 4−
1
3 (42). Again we see that they coincide in the IR.
An expansion of (58) leads to Cϕ =
C
3
so that
Ccrit.ϕ =
1
4
− log 4
12
. (59)
As noted, we can interpret Cϕ in (57) roughly as the expectation value of the operator dual
to ϕ. Cϕ = C
crit.
ϕ is then the value for which the Higgs and Coulomb branches “intersect”
and this is where we expect a fixed point. For Cϕ > C
crit.
ϕ we move into the Coulomb
branch while for Cϕ < C
crit.
ϕ we move into the Higgs branch. It is then of interest to see
what happens to the supergravity solution as we vary Cϕ, which enters as a boundary
value for ϕ. This analysis can be done numerically.
The numerical analysis of (56) shows singular solutions for Cϕ > C
crit.
ϕ , as depicted in
figure (3) and (4).
We can check the nature of the singularity according to the criterion of [27]. We need to
compute the effective potential of the five-dimensional gauged supergravity corresponding
to the above solution. For our ansatz with the gauge field determined by the twist we
find from the Lagrangian given in [13]
Veff =
3
16
e2ϕe−4g −
(
e−2ϕ + 2eϕ
)
. (60)
Since this potential diverges near the singularity it is of “bad” type. The meaning of
this singularity is that in the limit that we consider the Higgs and the Coulomb branches
15
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Figure 2: In this figure we plot e2g(r) as obtained from a numerical solution in comparison
to the expected behaviour in the IR, e2g = 4−
1
3 in equation (42). We see that the two
coincide in the IR.
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Figure 3: The numerical behaviour of g(r) approaching a “bad” singularity in the Coulomb
branch, Cϕ > C
crit.
ϕ
16
decouple, and we remain at low-energy with a (0 + 1)-dimensional σ-model on the Higgs
branch.
The numerical solution for Cϕ < C
crit.
ϕ has a different behaviour. The radii exp(2f(r))
and exp(2g(r)) are shrinking in the IR as seen in figures (5) and (6), which means increas-
ing of the curvature of the solution. However, in this case the behaviour of ϕ is different
as seen in figure (7) and the singularity in the extreme IR is of a “good” type.
17
0.2 0.4 0.6 0.8
2
4
6
8
Figure 4: ϕ(r) blows up near a “bad” singularity in the Coulomb branch, Cϕ > C
crit.
ϕ
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Figure 5: The radius e2f(r) is shrinking in the IR, in the Higgs branch Cϕ < C
crit.
ϕ . However
the effective potential is bounded from above and the singularity is of a “good” type.
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Figure 6: The qualitative behaviour of the radius e2g(r) is very similar to that of e2f(r) in
the Higgs branch, Cϕ < C
crit.
ϕ . It is also shrinking in the IR.
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Figure 7: e2ϕ(r) in the Higgs branch, Cϕ < C
crit.
ϕ . It goes to zero as it approaches the
“good” singularity in the IR.
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4.4 D3-brane wrapped on S3
Consider now the N D3-branes wrapped on an associative 3-cycle S3. Recall that for the
five dimensional metric we take the ansatz
ds2 = e2f (−dt2 + dr2) + e2g(dφ2 + sin2 φdθ2 + sin2 φ sin2 θdν2) , (61)
where f, g depend only on r.
The supergravity equations can be obtained from (56). In (56), due to the twist
the first term is proportional to the scalar curvature of the supersymmetric cycle. The
transition H3 → S3 thus induces a minus sign in this term. This can also be seen via the
coordinate transformation φ→ iφ as argued in [6]. Hence we get the following equations
for the S3 case
g′ = −ef
{√
2eϕe−2g
1
g¯
+
g¯
6
√
2
(
2e−ϕ + e2ϕ
)}
, (62)
f ′ = −ef
{
−
√
2eϕe−2g
1
g¯
+
g¯
6
√
2
(
2e−ϕ + e2ϕ
)}
,
ϕ′ = −ef
{
−
√
2eϕe−2g
1
g¯
+
g¯
3
√
2
(
e−ϕ − e2ϕ
)}
.
Again, the boundary conditions as r → 0 are g(r), f(r)→ −Log(r) so that from (62)
we get
ϕ(r)→ 1
2
r2Log(r) + Cϕr
2 . (63)
We can find a numerical solution as depicted in figures (8) and (9). The numerical
solution has the same behaviour independently of the value of Cϕ. The singular behaviour
is as for the H3 case on the Coulomb branch, i.e. the singularity is of the “bad” type.
As before, the “bad” singularity in the Coulomb branch can be explained by the fact
that in the limit that we consider the Higgs and the Coulomb branches decouple, and we
remain at low-energy with a (0 + 1)-dimensional σ-model on the Higgs branch. However,
in this case, unlike H3, we do not expect a Higgs branch for the dual theory since there
are no harmonic spinors on S3 and therefore it is rigid in the ambient seven-dimensional
manifold. This explains the difference between the type of singularity along the Higgs
branch in H3 compared to S3.
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Figure 8: A numerical solution for g(r) in the case of S3 cycle.
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Figure 9: A numerical solution of ϕ(r) for S3 cycle.
21
Acknowledgement: We are grateful to J. Maldacena for pointing out that the correct
interpretation of the supergravity solutions in section 4 is that of D3-branes wrapping
associative 3-cycles and not special Lagrangian 3-cycles as written in the previous version
of this paper. The AdS2× ds2H3 solution in section 4 has been independently obtained by
J. Maldacena and C. Nunez. We would like to thank J. Maldacena for this information
and for other valuable discussions.
22
Appendix
A The Riemann surface case
For the case of a D3-brane wrapped around a Riemann surface we get from (9) and (10)
the solution of [6]. The metric ansatz reads
ds2 = e2f (dr2 + dz2 − dt2) + e
2g
y2
(dx2 + dy2) (64)
and the corresponding spin connection
ω34x = −
1
y
, (65)
ω31x = ω
41
y =
eg−fg′
y
,
ω21z = ω
01
t = f
′,
where the flat indices (1, 2, ..) are connected with the curved ones by the vielbein
e0t = e
1
r = e
2
z = e
f , (66)
e3x = e
4
y =
eg
y
.
We set Bαµν to zero and take Φ to depend only on r, furthermore we truncate the SU(2)×
U(1) gauge group to the Cartan subgroup U(1) × U(1). From the spin connection (65)
we get the gauge potentials
ax =
a
y
, A3x =
b
y
(67)
and the corresponding field strengths
fxy =
a
y2
, F 3xy =
b
y2
. (68)
In addition we impose the following conditions on the spinors
γ34 εa = −iεa , γ1 εa = εa, (69)
as in [6]. We rescale the coupling constants [13], g1 =
g¯√
2
and g2 = g¯. In this background
with the above definitions the susy-variation of the x-component of the gravitino reads
δ ψxa = ∂xεa +
1
2
ω34x γ34 εa +
1
2
ω31x γ31 εa +
1
2
g¯
2
a
y
(Γ45)
b
a εb + (70)
+
1
2
g¯
b
y
(Γ345)
b
a εb − iγx
1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
(Γ45)
b
a εb +
+ i
2
3
√
1
2
γy eϕ F 3xy (Γ3)
b
a εb + i
1
3
e−2ϕ fxy γy εa,
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where we have set ϕ ≡
√
2
3
φ. Setting (70) to zero yields
g¯
(
a√
2
Γ45 + bΓ345
) b
a
εb = −iεa (71)
and
g′εa = ef
(
i
6
√
2
g¯
(
2e−ϕ + e2ϕ
)
(Γ45)
b
a εb− (72)
− 4
3
√
1
2
e−2g eϕ b (Γ3)
b
a εb −
2
3
e−2g e−2ϕ a εa

 .
Eqn. (71) can be solved in the following ways
(Γ45)
b
a εb = iεa , (Γ3)
b
a εb = ±εa → g¯
(
a√
2
± b
)
= −1, (73)
(Γ45)
b
a εb = −iεa , (Γ3) ba εb = ±εa → g¯
(
a√
2
± b
)
= 1, (74)
Solutions which differ in the eigenvalue of Γ3 are equivalent whereas solutions with differ-
ent eigenvalues of Γ45 give different solutions. Using (73) we can solve (72) by choosing
b = 0 , a = −
√
2
g¯
to give
g′ = ef
(
− g¯
6
√
2
(
2e−ϕ + e2ϕ
)
+
2
3
√
2
g¯
e−2g e−2ϕ
)
, (75)
which is part of the solution for the twist preserving (4, 4) supersymmetry in [6]. Exact
correspondence is obtained if we set g¯ = 2
√
2.
If we set a = 0 , b = −1
g¯
we get the corresponding expression for the twist preserving
(2, 2) supersymmetry
g′ = ef
(
−1
3
(
2e−ϕ + e2ϕ
)
+
1
3
e−2g eϕ
)
. (76)
The solutions corresponding to (74) give an overall sign in (75) and (76) and will be ruled
out by the boundary conditions for f, g in the limit r → 0. By solving the remaining
fermionic supersymmetry variations we get the differential equations for f and ϕ.
The case H2 resembles H3 while the S2 case resembles the S3 one. In the H2 case the
equations read [6]
g′ = ef
(
−1
3
(
2e−ϕ + e2ϕ
)
+
1
3
e−2g eϕ
)
, (77)
f ′ = −e
f
6
(
2
(
2e−ϕ + e2ϕ
)
+ e−2g eϕ
)
,
ϕ′ =
2
3
ef
((
−e−ϕ + e2ϕ
)
− 1
4
e−2g eϕ
)
.
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The boundary conditions as r → 0 are g(r), f(r)→ −Log(r) so that from (77) we get
ϕ(r)→ −1
6
r2Log(r) + Cϕr
2 . (78)
There is a relation between g and ϕ which reads
e2g+ϕ = e2(g−ϕ) +
1
2
(g + 2ϕ) + C. (79)
The AdS3 ×H2 solution of (77) gives C = 14 .
We therefore expect to have for this value of C a solution interpolating between AdS5
in the UV with AdS3 × H2 in the IR and indeed we find one. Similar solutions were
constructed in [28] in the context of D = 5, N = 2 gauged supergravity which were
generalized in [29] where also an analysis of solutions of the form M3 ×M2 was given.
An expansion of (79) leads to Cϕ =
C
3
so that
Ccrit.ϕ =
1
12
. (80)
Again, one interprets Cϕ in (78) roughly as the expectation value of the operator dual to
ϕ. Cϕ = C
crit.
ϕ is then the value for which the Higgs and Coulomb branches “intersect” and
this is where we expect a fixed point. For Cϕ > C
crit.
ϕ we move into the Coulomb branch
while for Cϕ < C
crit.
ϕ we move into the Higgs branch. It is then of interest to see what
happens to the supergravity solution as we vary Cϕ, which enters as a boundary value for
ϕ. The numerical analysis of (77) shows singular solutions in both cases. However, the
nature of the singularity is different and like the H3 case it is of the “good” type along
the Higgs branch and of the “bad” type along the Coulomb branch, i.e. the potential
Veff =
1
4
e2ϕe−4g − 4
(
e−2ϕ + 2eϕ
)
. (81)
is unbounded from above near the singularity.
In the case of S2 we find, like in the S3 case, that the singularity is of the “bad” type
independently of the value of Cϕ.
As before, the “bad” singularity in the Coulomb branch can be explained by the fact
that in the limit that we consider the Higgs and the Coulomb branches decouple, and
we remain at low-energy with a (1 + 1)-dimensional σ-model on the Higgs branch. The
“bad” singularity on the Higgs branch in the S2 case, indicates its absence.
B The S3, H3 examples
For the five dimensional metric we take the ansatz
ds2 = e2f (−dt2 + dr2) + e2g(dφ2 + sin2 φdθ2 + sin2 φ sin2 θdν2), (82)
where f, g depend only on r. The second part of the above metric is the metric of the S3.
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The components of the vielbein of this metric read
e0t = e
f , (83)
e1r = e
f ,
e2φ = e
g,
e3θ = e
g sinφ,
e4ν = e
g sin φ sin θ.
For the boundary conditions to be imposed on the SU(2) gauge potentials we need
the spin connection on the S3. For the S3 part of the above metric we get the following
nonvanishing connection coefficients
Γφθθ = − sinφ cosφ, (84)
Γθθφ = cotφ,
Γφνν = − sin2 θ sinφ cosφ,
Γννφ = cotφ,
Γθνν = − sin θ cos θ,
Γννθ = cot θ.
With the vielbeins
e1¯φ = 1, (85)
e2¯θ = sinφ,
e3¯ν = sin φ sin θ,
we get for the spin connection
ω1¯2¯θ = − cosφ = ω23θ , (86)
ω1¯3¯ν = − sin θ cosφ = ω24ν ,
ω2¯3¯ν = − cos θ = ω34ν ,
where the barred superscripts denote flat indices on S3. Thus we are led to the gauge
potentials
A1θ = a cosφ, (87)
A2ν = b cos θ,
A3ν = c sin θ cos φ,
(identifying 23 ↔ 1, 34 ↔ 2, 24 ↔ 3). The only nonvanishing components of the
corresponding field strength are
F 1θφ = a sin φ, (88)
F 2νθ = sin θ(b+ g¯ac cos
2 φ),
F 3νφ = c sin θ sin φ,
F 3νθ = − cos θ cosφ(c+ g¯ab),
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where the superscripts refer to the generators Ta of SU(2), which is suitably embedded
in the Spin(5) R-symmetry group, with the Lie algebra [Ta, Tb] = ǫabcTc. The coupling
constant g¯ is included for later reference. The other nonvanishing connection coefficients
for the metric (82) are
Γrtt = f
′, (89)
Γttr = f
′,
Γrφφ = −e2(g−f)g′,
Γrθθ = −e2(g−f)g′ sin2 φ,
Γrνν = −e2(g−f)g′ sin2 φ sin2 θ,
Γφφr = Γ
θ
θr = Γ
ν
νr = g
′,
Γrrr = f
′,
while calculating the spin connection yields
ω10t = −f ′, (90)
ω12φ = −eg−fg′,
ω13θ = −eg−fg′ sin φ,
ω14ν = −eg−fg′ sin φ sin θ.
The variation of the fermionic fields is given by
δψta = (91)
= ∂t εa +
1
2
f ′γ0 εa − ief γ0 1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
(Γ45)
b
a εb +
+ i
1
3
√
1
2
eϕe(f−2g) sin−1 φ
{
γ023 F
1
θφ (Γ1)
b
a εb+
+ sin−1 φ sin−1 θγ034
(
F 2νθ (Γ2)
b
a εb + F
3
νθ (Γ3)
b
a εb
)
+ sin−1 θγ024 F 3νφ (Γ3)
b
a εb
}
= 0,
δψφa = (92)
= ∂φ εa +
1
2
eg−fg′γ2 εa − ieg γ2 1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
(Γ45)
b
a εb +
+ i
1
3
√
1
2
eϕe−g sin−2 φ sin−1 θγ234
(
F 2νθ (Γ2)
b
a εb + F
3
νθ (Γ3)
b
a εb
)
+
+ i
2
3
√
1
2
eϕe−g sin−1 φ
(
sin−1 θγ4 F 3φν (Γ3)
b
a εb + γ3 F
1
φθ (Γ1)
b
a εb
)
= 0,
δψθa = (93)
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= ∂θ εa − 1
2
cosφγ23 εa +
1
2
eg−fg′ sinφγ3 εa +
1
2
g¯a cosφ (Γ145)
b
a εb −
− ieg sin φ γ3 1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
(Γ45)
b
a εb − i
1
3
√
1
2
eϕe−g sin−1 θγ234 F 3νφ (Γ3)
b
a εb +
+ i
2
3
√
1
2
eϕe−g
{
γ2 F
1
θφ (Γ1)
b
a εb + sin
−1 φ sin−1 θ γ4
(
F 2θν (Γ2)
b
a εb + F
3
θν (Γ3)
b
a εb
)}
= 0,
δψνa = (94)
= ∂ν εa − 1
2
sin θ cosφγ24 εa − 1
2
cos θγ34 εa +
1
2
eg−fg′ sin φ sin θγ4 εa +
+
1
2
g¯b cos θ (Γ245)
b
a εb +
1
2
g¯c sin θ cosφ (Γ345)
b
a εb −
− ieg sinφ sin θ γ4 1
12
√
2
g¯
(
2e−ϕ + e2ϕ
)
(Γ45)
b
a εb + i
1
3
√
1
2
eϕe−g sin θγ234 F 1θφ (Γ1)
b
a εb +
+ i
2
3
√
1
2
eϕe−g
{
sin−1 φγ3
(
F 2νθ (Γ2)
b
a εb + F
3
νθ (Γ3)
b
a εb
)
+ γ2F
3
νφ (Γ3)
b
a εb
}
= 0.
The H3 case is obtained from the above by sin(φ)→ sinh(φ).
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